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Abstract

On a foliated Riemannian manifold with a transverse spin structure, we give a lower bound for the
square of the eigenvalues of the basic Dirac operator by the smallest eigenvalue of the basic Yamabe
operator. We prove, in the limiting case, that the foliation is minimal, transversally Einsteinian with
constant transversal scalar curvature. In particular, if the codimension ofF is q = 3,4,7 and 8,
thenF is transversally isometric to the action of discrete subgroup of O(q) acting on theq-sphere.
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1. Introduction

The first estimate for the eigenvaluesλ of the basic Dirac operatorDb restricted to the
space of basic sections of a foliated spinor bundle on the foliated Riemannian manifold
(M, gM,F) with a transverse spin structure was obtained by Jung[8]. Namely, by using a

modified connection
f

∇ defined by

f

∇XΨ = ∇XΨ + fπ(X) · Ψ, (1.1)
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one proved that the following inequality

λ2 ≥ q

4(q− 1)
inf (σ∇ + |κ|2) (1.2)

holds, whereq = codimF, σ∇ is the transversal scalar curvature andκ the mean curvature
form of F. In the limiting case, the foliation is minimal, transversally Einsteinian with
constant transversal scalar curvature. The inequality(1.2)corresponds to those of Friedrich
[4] and Hijazi[6].

In this paper, we give new lower bound for the eigenvalues ofDb by the smallest eigen-
value of the basic Yamabe operatorYb, which is defined by

Yb = 4
q− 1

q− 2
∆B + σ∇ , (1.3)

where∆B is a basic Laplacian acting on basic functions. The main idea used in this paper
comes from Hijazi’s paper[6]. This paper is organized as follows. InSection 2, we review
the known facts on the foliated Riemannian manifold. InSection 3, we study the basic
properties of the transversal Dirac operators of transversally conformally related metrics.
In Section 4, we estimate the conformal lower bound for the eigenvalues of the basic Dirac
operator. Let(M, gM,F)be a compact Riemannian manifold with a transverse spin foliation
F of codimensionq ≥ 3 and bundle-like metricgM such thatκ ∈ Ω1

B(F ) andδκ = 0. Then

λ2 ≥ q

4(q− 1)
(µ1 + inf |κ|2), (1.4)

whereµ1 is the smallest eigenvalue ofYb. This inequality is a specialization of the Hijazi
inequality[6] to the case of Riemannian foliations. InSection 5, we prove, in the limiting
case thatF is minimal, transversally Einsteinian with positive constant transversal scalar
curvature and there are no non-trivial parallel basicr-forms(r 
= 0, q) onM. Moreover, by
the generalized Lichnerowicz and Obata theorem for foliations[12], we prove that in case
of q = 3,4,7 and 8,F is transversally isometric to the space of orbits a discrete subgroup
of O(q) acting on the standardq-sphere (see[7] for ordinary manifold).

Many steps and notations in this paper are similar to those of[6,7]. But we should take
care of the equations containing the mean curvature formκ of F.

Throughout this paper, we consider the bundle-like metricgM for (M,F) such that the
mean curvature formκ is basic and harmonic. The existence of the bundle-like metricgM for
(M,F) such thatκ is basic, i.e.,κ ∈ Ω1

B(F ), is proved in[3]. In [13,14], for any bundle-like
metricgM with κ ∈ Ω1

B(F ), it is proved that there exists another bundle-like metricg̃M for
which the mean curvature form̃κ is basic-harmonic.

2. Preliminaries and known facts

Let (M, gM,F) be a(p + q)-dimensional Riemannian manifold with a foliationF of
codimensionq and bundle-like metricgM with respect toF.

We recall the exact sequence

0 → L → TM
π−→Q → 0
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determined by the tangent bundleLand the normal bundleQ = TM/LofF. The assumption
of gM to be a bundle-like metric means that the induced metricgQ on the normal bundle

Q ∼= L⊥ satisfies the holonomy invariance condition
◦
∇gQ = 0, where∇◦ is the Bott

connection inQ.
For a distinguished chartU ⊂ M the leaves ofF in U are given as the fibers of a

Riemannian submersionf : U → V ⊂ N onto an open subsetV of a model Riemannian
manifoldN.

For overlapping chartsUα ∩ Uβ, the corresponding local transition functionsγαβ =
fα ◦ f−1

β onN are isometries. Further, we denote by∇ the canonical connection of the
normal bundleQ of F. It is defined by

∇Xs = π([X, Ys]) forX ∈ ΓL, ∇Xs = π(∇M
X Ys) forX ∈ ΓL⊥, (2.1)

wheres ∈ ΓQandYs ∈ ΓL⊥ corresponding tos under the canonical isomorphismQ ∼= L⊥.
The connection∇ is metric and torsion free. It corresponds to the Riemannian connection
of the model spaceN [9]. The curvatureR∇ of ∇ is defined by

R∇(X, Y) = ∇X∇Y − ∇Y∇X − ∇[X,Y ] forX, Y ∈ TM.

Sincei(X)R∇ = 0 for anyX ∈ ΓL [9], we can define the (transversal) Ricci curvature
ρ∇ : ΓQ → ΓQ and the (transversal) scalar curvatureσ∇ of F by

ρ∇(s) =
∑
a

R∇(s, Ea)Ea, σ∇ =
∑
a

gQ(ρ
∇(Ea), Ea),

where{Ea}a=1,... ,q is an orthonormal basis ofQ.F is said to be (transversally)Einsteinian
if the model spaceN is Einsteinian, that is,

ρ∇ = 1

q
σ∇ · id (2.2)

with constant transversal scalar curvatureσ∇ .
Thesecond fundamental formof α of F is given by

α(X, Y) = π(∇M
X Y) forX, Y ∈ ΓL. (2.3)

It is trivial thatα isQ-valued, bilinear and symmetric.
Themean curvature vector fieldof F is then defined by

τ =
∑
i

α(Ei, Ei), (2.4)

where{Ei}i=1,... ,p is an orthonormal basis ofL. The dual formκ, themean curvature form
for L, is then given by

κ(X) = gQ(τ,X) forX ∈ ΓQ. (2.5)

The foliationF is said to beminimal (or harmonic) if κ = 0. Throughout this paper, we
also use the notationκ instead of the mean curvature vectorτ.
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LetΩr
B(F ) be the space of allbasicr-forms, i.e.,

Ωr
B(F ) = {φ ∈ Ωr(M)|i(X)φ = 0, θ(X)φ = 0, forX ∈ ΓL}.

The foliationF is said to beisoparametricif κ ∈ Ω1
B(F ). We already know thatκ is closed,

i.e., dκ = 0 if F is isoparametric[16]. Since the exterior derivative preserves the basic
forms (that is,θ(X)dφ = 0 andi(X)dφ = 0 forφ ∈ Ωr

B(F )), the restrictiondB = d|Ω∗
B(F )

is well defined. LetδB the adjoint operator ofdB. Then it is well-known[1,8] that

dB =
∑
a

θa ∧ ∇Ea, δB = −
∑
a

i(Ea)∇Ea + i(κB), (2.6)

whereκB is the basic component ofκ, {Ea} is a local orthonormal basic frame inQ and
{θa} its gQ-dual 1-form.

Thebasic Laplacianacting onΩ∗
B(F ) is defined by

∆B = dBδB + δBdB. (2.7)

If F is the foliation by points ofM, the basic Laplacian is the ordinary Laplacian. In the more
general case, the basic Laplacian and its spectrum provide information about the transverse
geometry of(M,F) [15].

3. Transversal Dirac operators of transversally conformally related metrics

Let (M, gM,F) be a compact Riemannian manifold with a transverse spin foliationF of
codimensionq and a bundle-like metricgM with respect toF. LetPso(F ) be the principal
bundle of (oriented) transverse orthonormal framings. Then the transverse spin structure
is a principal Spin(q)-bundlePspin(F ) associated with it which is a fiberwise non-trivial
double covering ofPso(F ). LetS(F ) be the foliated spinor bundle[5,8,10]associated with
Pspin(F ). Then the transversal Dirac operatorDtr is locally defined[2,5] by

DtrΨ =
∑
a

Ea · ∇EaΨ − 1

2
κ · Ψ forΨ ∈ ΓS(F ), (3.1)

where{Ea} is a local orthonormal basic frame ofQ. We define the subspaceΓB(S(F )) of
basicor holonomy invariantsections ofS(F ) by

ΓB(S(F )) = {Ψ ∈ ΓS(F )|∇XΨ = 0 forX ∈ ΓL}.
Trivially, we see thatDtr leavesΓB(S(F )) invariant if and only if the foliationF is isopara-
metric, i.e.,κ ∈ Ω1

B(F ). LetDb = Dtr|ΓB(S(F )) : ΓB(S(F )) → ΓB(S(F )). This operator
Db is called thebasic Dirac operatoron (smooth) basic sections. On an isoparametric
transverse spin foliationF with δκ = 0, it is well-known[2,5,8] that

D2
trΨ = ∇∗

tr∇trΨ + 1
4K

∇
σ Ψ, (3.2)

whereK∇
σ = σ∇ + |κ|2 and

∇∗
tr∇trΨ = −

∑
a

∇2
Ea,Ea

Ψ + ∇κΨ. (3.3)
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The operator∇∗
tr∇tr is non-negative and formally self-adjoint[8]. We now define a canonical

sectionR∇ of Hom(S(F ), S(F )) by the formula

R∇(Ψ) =
∑
a<b

Ea · Eb · RS(Ea,Eb)Ψ, (3.4)

where the curvature transformRS onS(F ) is given[11] as

RS(X, Y)Ψ = 1

4

∑
a,b

gQ(R
∇(X, Y)Ea,Eb)Ea · Eb · Ψ forX, Y ∈ ΓTM. (3.5)

Lemma 3.1 (Jung[8]). On the foliated spinor bundleS(F ),we have the following equations

R∇ = 1
4σ

∇ , (3.6)

∑
a

Ea · RS(X,Ea)Ψ = −1

2
ρ∇(X) · Ψ forX ∈ ΓQ. (3.7)

Now, we consider, for any real basic functionu onM, the transversally conformal metric
ḡQ = e2ugQ. Let P̄so(F ) be the principal bundle of̄gQ-orthogonal frames. Locally, the sec-
tion s̄ of P̄so(F ) corresponding a sections = (E1, . . . , Eq) ofPso(F ) is s̄ = (Ē1, . . . , Ēq),
whereĒa = e−uEa(a = 1, . . . , q). This isometry will be denoted byIu. Thanks to the
isomorphismIu one can define a transverse spin structureP̄spin(F ) onF in such a way that
the diagram commutes.

Let S̄(F ) be the foliated spinor bundles associated withP̄spin(F ). For any sectionΨ of
S(F ), we writeΨ̄ ≡ IuΨ . If 〈 , 〉gQ and〈 , 〉ḡQ denote, respectively, the natural Hermitian
metrics onS(F ) andS̄(F ), then for anyΦ,Ψ ∈ ΓS(F )

〈Φ,Ψ 〉gQ = 〈Φ̄, Ψ̄ 〉ḡQ (3.8)

and the Clifford multiplication in̄S(F ) is given by

X̄·̄Ψ̄ = X · Ψ forX ∈ ΓQ. (3.9)

Let ∇̄ be the metric and torsion free connection corresponding toḡQ. Then we have for
X, Y ∈ ΓTM,

∇̄Xπ(Y) = ∇Xπ(Y)+X(u)π(Y)+ Y(u)π(X)− gQ(π(X), π(Y))grad∇(u), (3.10)

where grad∇(u) = ∑
a Ea(u)Ea is a transversal gradient ofu andX(u) is the Lie derivative

of the functionu in the direction ofX. The formula(3.10)follows from that∇̄ is the metric
and torsion free connection with respect toḡQ.

From(3.10), we have the following proposition.
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Proposition 3.2. The connection∇ and∇̄ acting respectively on the sections ofS(F ) and
S̄(F ), are related, for any vector fieldX and any spinor fieldΨ by

∇̄XΨ̄ = ∇XΨ − 1
2π(X) · grad∇(u) · Ψ − 1

2gQ(grad∇(u), π(X))Ψ̄ . (3.11)

Proof. Let {Ea} be an orthonormal basis ofQ and denote byω andω̄, the connection forms
corresponding togQ andḡQ. That is, for any vector fieldX ∈ TM,

∇XEb =
∑
c

ωbc(π(X))Ec, ∇̄XĒb =
∑
c

ω̄bc(π(X))Ēc. (3.12)

From(3.10), we have

ω̄bc(π(X)) = ωbc(π(X))+ gQ(π(X),Ec)Eb(u)− gQ(π(X),Eb)Ec(u). (3.13)

Let {ΨA}(A = 1, . . . ,2[q/2]) be a local frame field ofS(F ). Then the spinor covariant
derivative ofΨA is given[11] by

∇XΨA = 1

2

∑
b<c

ωbc(π(X))Eb · Ec · ΨA. (3.14)

With respect tōgQ, we have

∇̄XΨ̄A = 1

2

∑
b<c

ω̄bc(π(X))Ēb·̄Ēc ·̄Ψ̄A

= 1

2

∑
b<c

{ωbc(π(X))+ gQ(π(X),Ec)Eb(u)− gQ(π(X),Eb)Ec(u)}Ēb·̄Ēc ·̄Ψ̄A

= ∇XΨA − 1

2

∑
b 
=c

gQ(π(X),Ec)Eb(u)Ēc ·̄Ēb·̄Ψ̄A

= ∇XΨA − 1

2
π(X) · grad∇(u) · ΨA − 1

2
gQ(grad∇(u), π(X))Ψ̄A. �

Let D̄tr be the transversal Dirac operator associated with the metricḡQ = e2ugQ and
acting on the sections of the foliated spinor bundleS̄(F ). Let {Ea} be a local frame of
Pso(F ) and{Ēa} a local frame ofP̄so(F ). Locally, D̄tr is expressed by

D̄trΨ̄ =
∑
a

Ēa ·̄∇̄Ēa
Ψ̄ − 1

2
κḡ ·̄Ψ̄ , (3.15)

whereκḡ is the mean curvature form associated withḡQ, which satisfiesκḡ = e−2uκ. Using
(3.11), we have that for anyΨ ,

D̄trΨ̄ = e−u{DtrΨ + 1
2(q− 1)grad∇(u) · Ψ}. (3.16)

Now, for any functionf , we haveDtr(fΨ) = grad∇(f) · Ψ + fDtrΨ . Hence we have

D̄tr(f Ψ̄) = e−u grad∇(f) · Ψ + fD̄trΨ̄ . (3.17)

From(3.16) and (3.17), we have the following proposition.
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Proposition 3.3. LetF be the transverse spin foliation of codimensionq. Then the trans-
verse Dirac operatorsDtr andD̄tr satisfy

D̄tr(e
−((q−1)/2)uΨ̄ ) = e−((q+1)/2)uDtrΨ (3.18)

for any spinor fieldΨ ∈ S(F ).

From Proposition 3.3, if DtrΨ = 0, thenD̄trΦ̄ = 0, whereΦ = e−((q−1)/2)uΨ , and
conversely. So we have the following corollary.

Corollary 3.4. On the transverse spin foliationF, the dimension of the space of the foliated
harmonic spinors is a transversally conformal invariant.

Let the mean curvature formκ of F be basic-harmonic, i.e.,κ ∈ Ω1
B(F ) andδBκ = 0.

Then by direct calculation, we have the Lichnerowicz type formula

D̄2
trΨ̄ = ∇̄∗

tr∇̄trΨ̄ +R∇̄(Ψ̄ )+K∇̄ Ψ̄ , (3.19)

where

∇̄∗
tr∇̄trΨ̄ = −

∑
a

∇̄Ēa
∇̄Ēa

Ψ̄ + ∇̄∑ ∇̄Ēa
Ēa
Ψ̄ + ∇̄κḡ Ψ̄ , (3.20)

K∇̄ = 1
2(q− 2)κḡ(u)+ 1

4|κ̄|2, (3.21)

R∇̄(Ψ̄ ) =
∑
a<b

Ēa · Ēb · R̄S(Ēa, Ēb)Ψ̄ . (3.22)

Lemma 3.5. Let (M, gM,F) be a compact Riemannian manifold with a foliationF and a
bundle-like metricgM with respect toF. Then

〈〈∇̄∗
tr∇̄trΨ̄ , Φ̄〉〉ḡQ = 〈〈∇̄trΨ̄ , ∇̄trΦ̄〉〉ḡQ

for all Φ,Ψ ∈ S(F ), where〈∇̄trΨ̄ , ∇̄trΦ̄〉ḡQ = ∑
a〈∇̄Ēa

Ψ̄ , ∇̄Ēa
Φ̄〉ḡQ .

Proof. Fix x ∈ M and choose an orthonormal basic frame{Ea} such that(∇Ea)x = 0 for
all a. Then we have that atx

∇̄Ēa
Ēb = e−2u{Eb(u)Ea − δab grad∇(u)}. (3.23)

Hence we have

〈∇̄∗
tr∇̄trΨ̄ , Φ̄〉ḡQ = −

∑
a

〈∇̄Ēa
∇̄Ēa

Ψ̄ , Φ̄〉ḡQ + (1 − q)e−2u

× 〈∇̄grad∇ (u)Ψ̄ , Φ̄〉ḡQ + 〈∇̄κḡ Ψ̄ , Φ̄〉ḡQ
= −

∑
a

Ēa〈∇̄Ēa
Ψ̄ , Φ̄〉ḡQ +

∑
a

〈∇̄Ēa
Ψ̄ , ∇̄Ēa

Φ̄〉ḡQ + (1 − q)e−2u

×〈∇̄grad∇ (u)Ψ̄ , Φ̄〉ḡQ + 〈∇̄κḡ Ψ̄ , Φ̄〉ḡQ
= −div∇̄(V)+

∑
a

〈∇̄Ēa
Ψ̄ , ∇̄Ēa

Φ̄〉ḡQ + 〈∇̄κḡ Ψ̄ , Φ̄〉ḡQ,
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whereV ∈ ΓQ⊗ C are defined bȳgQ(V,Z) = 〈∇̄ZΨ̄, Φ̄〉ḡQ for all Z ∈ ΓQ. The last line
is proved as follows: atx ∈ M,

div∇̄(V)=
∑
a

ḡQ(∇̄Ēa
V, Ēa) =

∑
a

ĒaḡQ(V, Ēa)− ḡQ

(
V,
∑
a

∇̄Ēa
Ēa

)

=
∑
a

Ēa〈∇̄Ēa
Ψ̄ , Φ̄〉ḡQ − (1 − q)e−2u〈∇̄grad∇ (u)Ψ̄ , Φ̄〉ḡQ .

By Green’s theorem on the foliated Riemannian manifold[17]∫
M

div∇̄(V)vḡ =
∫
M

ḡQ(κḡ, V)vḡ =
∫
M

〈∇̄κḡ Ψ̄ , Φ̄〉ḡQvḡ,

wherevḡ is the volume form associated to the metricḡM = gL + ḡQ. By integrating, we
obtain our result. �

4. Eigenvalue estimate of the basic Dirac operator

Let (M, gM,F) be a Riemannian manifold with a transversally oriented Riemannian spin
foliation F of codimensionq ≥ 2. Let gM be the bundle-like metric for which the mean
curvatureκ is basic-harmonic, i.e.,κ ∈ Ω1

B(F ) andδBκ = 0.

Now, we introduce a new connection
f

∇̄ on S̄(F ) as

f

∇̄XΨ̄ = ∇̄XΨ̄ + fπ(X)·̄Ψ̄ forX ∈ TM, (4.1)

wheref is a real-valued basic function onM andπ : TM → Q. Trivially, this connection
f

∇̄ is a metric connection.

Lemma 4.1. On the foliated spinor bundlēS(F ), we have

〈〈
f

∇̄∗
tr

f

∇̄ trΨ̄ , Φ̄〉〉ḡQ = 〈〈
f

∇̄ trΨ̄ ,

f

∇̄ trΦ̄〉〉ḡQ

for all Ψ,Φ ∈ ΓS(F ), where〈
f

∇̄ trΨ̄ ,

f

∇̄ trΦ̄〉ḡQ = ∑
a〈
f

∇̄Ēa
Ψ̄ ,

f

∇̄Ēa
Φ̄〉ḡQ .

Proof. The proof is similar to the one inLemma 3.5. �

On the other hand, by using(3.20), (3.23) and (4.1), we have

f

∇̄∗
tr

f

∇̄ trΨ̄ = ∇̄∗
tr∇̄trΨ̄ − 2fD̄trΨ̄ + qf2Ψ̄ − e−u grad∇(f) · Ψ. (4.2)

From(3.19), we have

f

∇̄∗
tr

f

∇̄ trΨ̄ = D̄2
trΨ̄ − 2fD̄trΨ̄ −R∇̄(Ψ̄ )+ qf2Ψ̄ −K∇̄ Ψ̄ − e−u grad∇(f) · Ψ, (4.3)
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whereK∇̄ = (1/2){(q− 2)κḡ(u)+ (1/2)|κ̄|2}. By integrating(4.3), we have

∫
|
f

∇̄ trΨ̄ |2ḡQ =
∫

〈D̄2
trΨ̄ , Ψ̄ 〉ḡQ − 2

∫
f 〈D̄trΨ̄ , Ψ̄ 〉ḡQ −

∫
〈R∇̄(Ψ̄ ), Ψ̄ 〉ḡQ

−
∫
(K∇̄ − qf2)|Ψ̄ |2ḡQ −

∫
e−u〈grad∇(f) · Ψ, Ψ̄ 〉ḡQ . (4.4)

LetDbΦ = λΦ(Φ 
= 0). FromProposition 3.3, we have

D̄bΨ̄ = λe−uΨ̄ , (4.5)

whereΨ̄ = e−((q−1)/2)uΦ. FromLemma 3.1, we haveR∇̄ = (1/4)σ∇̄ , whereσ∇̄ is the
transversal scalar curvature of the metricḡQ = e2ugQ. Note that for allX ∈ ΓQ and
Ψ ∈ ΓS(F ), 〈X · Ψ, Ψ̄ 〉ḡQ is purely imaginary[8]. Hence〈grad∇(f) · Ψ, Ψ̄ 〉ḡQ is purely
imaginary. Hence we have∫

|
f

∇̄ trΨ̄ |2ḡQ =
∫ (

λ2 e−2u − 2fλe−u − 1

4
σ∇̄ −K∇̄ + qf2

)
|Ψ̄ |2ḡQ . (4.6)

If we putf = (λ/q)e−u, then we have∫
|
f

∇̄ trΨ̄ |2ḡQ = q− 1

q

∫
e−2u

(
λ2 − q

4(q− 1)
e2uK∇̄

σ

)
|Ψ̄ |2ḡQ, (4.7)

whereK∇̄
σ = σ∇̄ + 4K∇̄ . Hence we have the following theorem.

Theorem 4.2. Let (M, gM,F) be a compact Riemannian manifold with a transverse spin
foliation F of codimensionq ≥ 2 and bundle-like metricgM such thatκ ∈ Ω1

B(F ) and

δκ = 0. Assume thatK∇̄
σ ≥ 0 for some transversally conformal metricḡQ = e2ugQ. Then

we have

λ2 ≥ q

4(q− 1)
sup
u

inf
M
(e2uK∇̄

σ ). (4.8)

The transversal Ricci curvatureρ∇̄ of ḡQ = e2ugQ and the transversal scalar curvature

σ∇̄ of ḡQ are related to the transversal Ricci curvatureρ∇ of gQ and the transversal scalar
curvatureσ∇ of gQ by the following lemma.

Lemma 4.3. On a Riemannian foliationF, we have that for anyX ∈ Q,

e2uρ∇̄(X)= ρ∇(X)+ (2 − q)∇X grad∇(u)+ (2 − q)|grad∇(u)|2X
+ (q− 2)X(u)grad∇(u)+ {∆Bu− κ(u)}X, (4.9)

e2uσ∇̄ = σ∇ + (q− 1)(2 − q)|grad∇(u)|2 + 2(q− 1){∆Bu− κ(u)}. (4.10)

From(4.10), we have

e2uK∇̄
σ = σ∇ + |κ|2 + 2(q− 1)∆Bu+ (q− 1)(2 − q)|grad∇(u)|2 − 2κ(u). (4.11)
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On the other hand, forq ≥ 3, if we choose the positive functionh by u = 2/(q − 2) ln h,
then we have

∆Bu = 2

q− 2
{h−2|grad∇(h)|2 + h−1∆Bh}, (4.12)

|grad∇(u)|2 =
(

2

q− 2

)2

h−2|grad∇(h)|2. (4.13)

Hence we have

e2uK∇̄
σ = h(4/(q−2))K∇̄

σ = h−1Ybh+ |κ|2 − 4

q− 2
h−1κ(h), (4.14)

where

Yb = 4
q− 1

q− 2
∆B + σ∇ , (4.15)

which is called abasic Yamabe operatorof F.
Now we putKu = {u ∈ Ω0

B(F )|κ(u) = 0}. If we chooseu ∈ Ku, thenκ(h) = 0 = κ(u).
From(4.11) and (4.14), we have

e2uK∇̄
σ = K∇

σ + 2(q− 1)∆Bu = h−1Ybh+ |κ|2, (4.16)

whereK∇
σ = σ∇ + |κ|2. Hence we have the following corollary.

Corollary 4.4. Let (M, gM,F) be a compact Riemannian manifold with a transverse spin
foliation F and bundle-like metricgM such thatκ ∈ Ω1

B(F ) and δκ = 0. Assume that
K∇
σ ≥ 0. Then

λ2 ≥




q

4(q− 1)
supu∈Ku infM{K∇

σ + 2(q− 1)∆Bu+ (q− 1)(q− 2)|grad∇(u)|2} if q ≥ 2,

q

4(q− 1)
suph∈Ku infM{h−1Ybh+ |κ|2} if q ≥ 3.

(4.17)

Assume that the transversal scalar curvatureσ∇ is non-negative. Then the eigenvalueh1
associated to the first eigenvalueµ1 of Yb can be chosen to be positive and thenµ1 is
non-negative. Thus

h−1
1 Ybh1 = µ1. (4.18)

Since sup inf{h−1Ybh} ≥ µ1, we have the following corollary.

Corollary 4.5. Let (M, gM,F) be a compact Riemannian manifold with a transverse spin
foliationF of codimensionq ≥ 3 and bundle-like metricgM with κ ∈ Ω1

B(F ) andδκ = 0.
If the transversal scalar curvature satisfiesσ∇ ≥ 0, then we have

λ2 ≥ q

4(q− 1)
(µ1 + inf |κ|2). (4.19)
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Remark. Sinceµ1 ≥ infσ∇ , the inequality(4.19)is a sharper estimate than the previous
one(1.2). Moreover,Corollary 4.5is a specialization of the result on an ordinary manifold
by Hijazi [6] to the case of Riemannian foliations.

5. The limiting case

In this section, we study the foliated Riemannian manifoldM which admits a non-zero
foliated spinorΨ1 such thatDbΨ1 = λ1Ψ1 with λ2

1 = (1/4)(q/(q− 1))(µ1 + inf |κ|2). We

define Ricf∇ : ΓQ⊗ S(F ) → S(F ) by

Ricf∇(X⊗ Ψ) =
∑
a

Ea · Rf (X,Ea)Ψ, (5.1)

whereRf is the curvature tensor with respect to
f

∇ defined by∇f
XΨ = ∇XΨ + fπ(X) · Ψ .

By long calculation, forX ∈ ΓQ andΨ ∈ ΓS(F ) we have[8]

Ricf∇(X⊗ Ψ) = −1
2ρ

∇(X) · Ψ + 2(q− 1)f 2X · Ψ − qX(f)Ψ − grad∇(f) ·X · Ψ
(5.2)

forX ∈ ΓQ. Similarly, we obtain the formula for Ricf∇̄(X⊗Ψ̄ ) associated tōS(F ). Namely,

Ricf∇̄(X⊗ Ψ̄ ) = −1
2ρ

∇̄(X)·̄Ψ̄ + 2(q− 1)f 2X·̄Ψ̄ − qX(f)Ψ̄ − grad∇(f)·̄X·̄Ψ̄ , (5.3)

whereρ∇̄(X) is the transversal Ricci curvature with respect to∇̄. From(5.2) and (5.3), we
have the following facts.

Proposition 5.1. If M admits a non-zero foliated spinorΨ with
f

∇̄Ψ̄ = 0, thenf is constant
and for anyX ∈ TM

∇XΨ = −f euπ(X) · Ψ + 1
2π(X) · grad∇(u) · Ψ + 1

2gQ(grad∇(u), π(X))Ψ. (5.4)

Proof. From(5.3), it follows thatf is constant (see[8]). Next, we have from(4.1)

∇̄XΨ̄ + fπ(X) · Ψ̄ = 0 for anyX ∈ TM.

Hence from(3.11), we have

∇XΨ − 1
2π(X) · grad∇(u) · Ψ − 1

2gQ(grad∇(u), π(X))Ψ̄ + f euπ(X) · Ψ = 0.

SinceĨu is an isometry, we have

∇XΨ − 1
2π(X) · grad∇(u) · Ψ − 1

2gQ(grad∇(u), π(X))Ψ + f euπ(X) · Ψ = 0.

This complete our proof. �
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We now consider the limiting case. Letλ2
1 = (1/4)(q/(q−1))(µ1+ inf |κ|2). From(4.7),

we have

f

∇̄ trΨ̄ = 0 with f = λ1

q
e−u, µ1 + inf |κ|2 = h−1Ybh+ |κ|2. (5.5)

By Proposition 5.1, we know thatf = (λ1/q)e−u is constant. Sou is constant. From(5.4),

Ψ is a transversal Killing spinor, i.e.,
f

∇̄ trΨ = 0. Also, we have from(5.3)

ρ∇̄(X) = 4(q− 1)f 2X forX ∈ ΓQ. (5.6)

Sinceu is constant, we have from(4.9)

ρ∇(X) = 4(q− 1)

q2
λ2

1X. (5.7)

If we compare(5.7)with (2.2), thenF is transversally Einsteinian with a constant transversal
scalar curvatureσ∇ = (4(q− 1)/q)λ2

1. Sinceu is constant,h is constant. Hence the second
equation in(5.5)with σ∇ = (4(q− 1)/q)λ2

1 implies that

σ∇ = σ∇ + |κ|2.

Hence|κ| = 0. SoF is minimal. Summing up, we have the following theorem.

Theorem 5.2. Let (M, gM,F) be a compact Riemannian manifold with a transverse spin
foliation F of codimensionq ≥ 3 and bundle-like metricgM such thatκ ∈ Ω1

B(F ) and
δκ = 0. Assume thatσ∇ ≥ 0. If there exists an eigenspinor fieldΨ1 of the basic Dirac
operatorDb for the eigenvalueλ2

1 = (q/4(q− 1))(µ1 + inf |κ|2), thenΨ1 is a transversal
Killing spinor andF is minimal, transversally Einsteinian with positive constant transversal
scalar curvatureσ∇ .

Letω ∈ Ωr
B(F ) be the basicr-form andΨ ∈ ΓB(S(F )) a foliated spinor field. Then we

have from(2.6),

Db(ω · Ψ) = (dBω + δBω) · Ψ +
∑
a

Ea · ω · ∇EaΨ − 1

2
κ · ω · Ψ − i(κ)ω · Ψ, (5.8)

where{Ea} is an orthonormal basis ofQ. FromProposition 5.1, we have

∇XΨ1 = −λ1

q
π(X) · Ψ1. (5.9)

Moreover, for any basicr-formω ∈ Ωr
B(F ), we have, by direct calculation,∑

a

Ea · ω · Ea = (−1)r−1(q− 2r)ω. (5.10)
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From(5.4), (5.9) and (5.10), we have

Db(ω · Ψ) = (dBω + δBω) · Ψ + (−1)r
(q− 2r)λ1

q
ω · Ψ − 1

2
κ · ω · Ψ − i(κ)ω · Ψ.

(5.11)

Hence we have the following theorem.

Theorem 5.3 (cf. Hijazi [6]). Let (M, gM,F) be a Riemannian manifold with a transverse
spin foliationF of codimensionq ≥ 3 and a bundle-like metricgM such thatκ ∈ Ω1

B(F )
and δκ = 0. Assume thatσ∇ ≥ 0. If there existsΨ such thatDbΨ = λ1Ψ with λ2

1 =
(q/4(q− 1))(µ1 + inf |κ|2), then there are no non-trivial parallel basicr-forms(r 
= 0, q)
onM.

Proof. By Theorem 5.2, F is minimal. Hence we have

Db(ω · Ψ) = (dBω + δBω)Ψ + (−1)r
q− 2r

q
λ1ω · Ψ.

Assume that any basicr-form ω ∈ Ωr
B(F ) is parallel. ThendBω = δBω = 0. Hence we

have

Db(ω · Ψ) = (−1)r
q− 2r

q
λ1ω · Ψ.

Soω · Ψ is a eigenspinor with eigenvalue(−1)r((q − 2r)/q)λ1. If r 
= 0 andq, then its
absolute value less that|λ1|. This is contradiction. So we have

ω · Ψ = 0. (5.12)

It follows by differentiation

ω · ea · Ψ = 0. (5.13)

On the other hand, we know that for any 1-formθ andr-formω,

ω · θ = (−1)r{θ · ω + 2i(θ;)ω}, (5.14)

whereθ; is agQ-dual vector ofθ. From(5.12)–(5.14), we have

i(ea)ω · Ψ = 0.

After new differentiation, we get

ω(ea1, . . . , ear )Ψ = 0 (5.15)

which impliesω = 0. This completes our proof. �

If F is minimal, then any parallel basic forms are harmonic. Hence we have the following
corollary.
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Corollary 5.4. Under the same condition as inTheorem 5.3, if there existsΨ such that
DbΨ = λ1Ψ with λ2

1 = (q/4(q − 1))(µ1 + inf |κ|2), then there are no non-trivial basic
harmonicr-forms(r 
= 0, q) onM.

Now, we recall the generalized Lichnerowicz–Obata theorem by Lee and Richardson for
foliations[12].

Definition 5.5. LetG be a discrete group. ThenF is transversally isometricto the isometric
action ofGon a Riemannian manifoldN if there exists a smooth, surjective mapφ : M → N

such that:

1. The functionφ induces a homeomorphism between the leaf spactM/F and the orbit
spaceN/G.

2. For eachx ∈ M, the push forwardφ∗ restricts to an isometryφ∗ : Qx → Tφ(x)N, where
Q is the normal bundle of the foliation andTN is the tangent bundle ofN.

Theorem 5.6 (Lee and Richardson’s[12] generalized Lichnerowicz theorem).LetF be
a codimensionq Riemannian foliation on a closed, connected Riemannian manifoldM.
Suppose that there exists a positive constantc such that the transversal Ricci curvature
satisfiesρ∇(X) ≥ c(q − 1)X for everyX ∈ Q. Then the smallest non-zero eigenvalueλB
of the basic Laplacian∆B satisfies

λB ≥ cq.

Theorem 5.7 (Lee and Richardson’s[12] generalized Obata theorem).The equality holds
in Theorem 5.6if and only if:

1. F is transversally isometric to the action of a discrete subgroup ofO(q) acting on theq
sphere of constant curvaturec. Thus, there are at least two closed leaves(the poles).

2. If we choose the metric onM so that the mean curvature form is basic, then the mean
curvature of the foliation is zero.

3. Each level set of theλB eigenfunction is the set of leaves corresponding to a latitude of
theq sphere, and the volumeV(r) of this level set is the volume of the maximum leafL

times the volume of the latitude.

For the classification of real Clifford algebra Cl(n) of R
n, we have the following propo-

sition.

Proposition 5.8 (Lawson and Michelsohn[11]). For 1 ≤ n ≤ 8, the Clifford algebraCl(n)
and the dimensiondn of an irreducibleR-module forCl(n) are given by the following:

Cl(1) ∼= C, Cl(2) ∼= H, Cl(3) ∼= H ⊕ H, Cl(4) ∼= H(2), Cl(5) ∼= C(4),

Cl(6) ∼= R(8), Cl(7) ∼= R(8)⊕ R(8), Cl(8) ∼= R(16), d1 = 2,

d2 = 4, d3 = 4, d4 = 8, d5 = 8, d6 = 8, d7 = 8, d8 = 16,

whereK(n) denote the algebra ofn× n-matries with entries inK = R,C or H.
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For n > 8, i.e., n = m+ 8k(m, k ≥ 1), dm+8k = 24kdm.

FromTheorem 5.7andProposition 5.8, we have the following theorem (cf.[7]).

Theorem 5.9. Let (M, gM,F) be a Riemannian manifold with a transverse spin foliation
F of codimensionq = 3,4,7,8 and a bundle-like metricgM with κ ∈ Ω1

B(F ). Assume that
the mean curvatureκ ofF satisfiesδκ = 0 andσ∇ ≥ 0. If there exists an eigenspinor field
Ψ1 for λ1 with λ2

1 = (q/4(q− 1))(µ1 + inf |κ|2), then:

(1) F is minimal, transversally Einsteinian.
(2) F is transversally isometric to the action of discrete subgroup ofO(q) acting on the

q-sphere, whereq = 3,4,7,8.

Proof. (1) is trivial fromTheorem 5.2. Next, we prove (2). SinceF is minimal, from(5.6)
we have thatρ∇(X) = (1/q)µ1X. LetΨ andΦ be the foliated spinors withDbΨ = λ1Ψ

andDbΦ = −λ1Φ. From(5.9), we have the following equations. For anyX ∈ ΓQ

∇XΨ = −λ1

q
X · Ψ, ∇XΦ = λ1

q
X ·Φ. (5.16)

If we putf = (Ψ,Φ), then by direct calculation, we have

∆Bf = µ1

q− 1
f. (5.17)

It is sufficient to prove thatf does not vanish identically.

(1) In caseq = 4,8, it is well known[11] that the real spinor bundleS(F ) splits as the two
irreducible real representations:

S(F ) = S+(F )⊕ S−(F ). (5.18)

ThenΨ = Ψ+ + Ψ− andΦ = Ψ+ − Ψ−, whereΨ± ∈ S±(F ). Hence we have that
for anyX ∈ ΓQ,

X(f) = 4λ1

q
(X · Ψ+, Ψ−), (5.19)

where( , ) = Re〈 , 〉. Let us define the mapF : Q → S−(F ) by X → X · Ψ+.
ThenF is theR-linear and injective. Sinced4 = 8 andd8 = 16 fromProposition 5.8,
dimRQ = dimRS−(F ). HenceF is isomorphism and there existsX 
= 0 such that

(X · Ψ+, ψ−) 
= 0, (5.20)

which implies thatf 
≡ 0.
(2) In caseq = 3,7, if we defineF : Q → S(F ) by X → X · Ψ , thenF is R-linear

and injective. Sinced3 = 4 andd7 = 8 in Proposition 5.8, dimRQ = dimRF(Q) =
dimRS(F )−1. Since(Ψ,X·Ψ) = 0,F(X) /∈ Eλ1(Db), whereEλ1(Db) is the eigenspace
corresponding to the eigenvalueλ1. Hence dimEλ1(Db) = 1 andF(Q) = Eλ1(Db)

⊥.
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SoF : Q → Eλ1(Db)
⊥ is an isomorphism. SinceΦ ∈ F(Q), there existsX 
= 0 such

that

X(f) = −2λ1

q
(X · Ψ,Φ) 
= 0, (5.21)

which implies thatf 
≡ 0. �

Theorem 5.10. Let(M, gM,F) be a Riemannian manifold with a transverse spin foliation
F of codimensionq = 5 (resp., q = 6) and a bundle-like metricgM . Assume that the mean
curvatureκ ofF satisfiesδκ = 0 andσ∇ ≥ 0. If the dimension of the eigenspinor space of
λ1 with λ2

1 = (q/4(q− 1))(µ1 + inf |κ|2) is 3 (resp., 2), then:

(1) F is minimal, transversally Einsteinian.
(2) F is transversally isometric to the action of discrete subgroup ofO(5) (resp., O(6))

acting on the5- (resp., 6-)sphere.

Proof. The proof is similar to the one of (2) inTheorem 5.9. �
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